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The higher degree of imprecision in the scale of the estimates of halibut biomass in 

absolute terms shown for the baseline SCAA assessment in Butterworth and 

Rademeyer (2009) may seem surprising. How can this be reconciled with XSA results 

(Healey and Mahé, 2008) for which much greater precision is reported, and which 

manifest the backwards-convergence property of VPA? 

 

We suspect that the seemingly high precision of the XSA results might be an artefact 

of the manner in which XSA, like may VPA approaches, forces a deterministically 

exact relationship between the fishing mortalities on the two oldest age classes 

considered in such analyses, e.g. that Fy,m-1 equals Fy,m, or some constant multiple 

thereof if selectivity is not asymptotically flat. However, since in VPA the selectivity 

pattern amongst younger ages shows variability over years, why not for the two oldest 

ages as well? 

 

The two Annexes to this paper reproduce contributions by the authors to review 

meetings last year which considered the assessment of the US Gulf of Maine cod 

resource. Annex I develops a VPA approach which happens to admit such variability 

in this asymptotic relationship amongst the fishing mortalities-at-age. Annex II shows 

a particular application of this approach. 

 

The rather interesting feature of the results shown in Annex II is that results can 

change appreciably depending on the extent of variability admitted in this asymptotic 

relationship. As this extent is increased, the estimated resource trajectory does not 

always change smoothly, but suddenly jumps to another solution corresponding to 

appreciably higher biomass in absolute terms (see Fig. A2.1 in Annex II). This is in 

line with our suspicions that aspects of the algorithms usually applied in 
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implementing VPA may lead to a false impression of the precision associated with the 

overall scale of the biomass estimated. 

 

[Note: For the example in Annex II, asymptotically flat selectivity (on average) was 

assumed, and natural mortality on the plus group treated as an estimable parameter. 

This is very similar to fixing natural mortality, but allowing a constant ratio between 

the fishing mortalities on the two oldest age-groups in the analysis to be estimated.] 
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ANNEX  I 

Appendix A - The ADAPT-VPA Model 
 

Note that the specifications set out in the first part of section A1 are not in their most general form (see 
Anon., 2003), but rather as implemented for the Mayo and Col (2006) application to Gulf of Maine 
cod. 

 

A.1. Population Dynamics 

The resource dynamics are modelled by the following set of equations: 
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where 

ayN ,  is the number of fish of age a at the start of year y (which refers to a calendar year), 

aM  denotes the instantaneous rate of natural mortality for fish of age a, 

ayC ,  is the number of fish of age a caught in year y,  

 m is the maximum age considered (taken to be a plus-group), 

ayZ ,  is the instantaneous rate of mortality during year y from all causes (total mortality) on fish of age 

a, and 

ayF ,  is the instantaneous rate of fishing mortality on fish of age a. 

 

The numbers of the oldest true age (m-1) and the plus-group (m) are computed as follows: 
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Fishing mortality on the oldest true age is defined as: 
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ln  is the fully-recruited fishing mortality in year y, R denoting the set of 

fully-recruited age classes, excluding the oldest true age m-1, and 

1−mPR  is the partial recruitment for fish of age m-1, which is input. (Note the partial recruitment PRa is 

essentially the selectivity Sa of the ASPM approach of Appendix B.) 

 

Fishing mortality on the plus-group is defined as: 

1,, −= mymy FF α           (A6) 

where 

α  is the plus-group ratio, which is input. 

 

In the RC-VPA, 1−mPR = 1 and α = 1; further the set of fully recruited age-classes in equation (A5) is 

taken to be R = {4,5} where m=7 and Fy,m-1 is set equal to full
yF . 

 

Alternative approach (Alt-VPA) 

There is a problem with the overall approach above used to compute plus-group abundances. 
Essentially that approach consists of fitting a model to the data up to age m-1 to estimate a numbers-at-
age matrix ayN ,  for ages 2 to m-1, and then applying equation (A4) for each year in conjunction with 

equation (A6) to provide the plus-group abundance for that year. The difficulty with this is that plus-
group abundance is governed by the equation: 
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and results obtained from the combined application of equations (A4) to (A6) will not necessarily 
satisfy equation (A7), because of the specification of potentially contradictory conditions. In other 
words, the overspecification of the approach above leads to incorrect estimates of plus-group 
abundance. 

 

In circumstances of asymptotically flat selectivity (partial recruitment) at higher ages, together with 
heavy fishing mortality so that few fish survive to reach the plus-group, any errors to which these 
inconsistencies give rise are likely to be small. However, this is not necessarily the case in 
circumstances of lesser fishing mortality and particularly selectivity that declines with age at larger 
ages. 

 

This problem can be rectified by replacing equation (A4) by equation (A7) together with the equations 
following: 
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and 

1,1,1, −−− −= mymymy MZF         (A9) 

and for a=m: 
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and 

mymymy MZF ,,, −=         (A11) 

 

All VPA assessments of numbers-at-age ayN ,  are computed taking m=7. 

 

A.2. The Objective Function 

The model is fit to survey abundance and CPUE indices. Contributions by each of these to the 
objective function (maximised in the fit) are computed as follows. 

 

Calculations assume that the observed abundance indices are log-normally distributed about their 
expected values:  
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where 

i
ayI ,   is the observed abundance index for year y, age a and series i, 

i
ayI ,

ˆ   is the corresponding model estimate, where  
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iq̂  is the constant of proportionality (catchability) for abundance series i. 

 

The objective function of Mayo and Col (2006) is then given by: 
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The function is minimised by treating the abundances for ages 2 to m-1 in year T+1 as estimable 
parameters, where T is the final year. These then define FT,a for a=1 to m-2, FT,m-1 is obtained from 
equation (A5), and FT,m from equation (A6). Given FT,m-1, NT,m-1 follows from equation (A4), and then 
for each year in sequence backwards NT-1,m-2 and FT-1,m-2 are calculated, with FT-1,m-1 and FT-1,m following 
from equations (A5) and (A6) as in the preceding sentence. 

 

Alternative approach (Alt-VPA)  

With this approach, the myN ,  are estimated directly for each year to year T and a penalty is added to 

the objective function so that equation (A7) is satisfied: 
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and σplus is set sufficiently small to ensure the equality required. 

 

A further penalty is added so that equation (A6) is satisfied: 

( ) ( )[ ] 22
,,2 2ˆlnln F

y
mymy FFP σ∑ −=  (A15) 

where  
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and σF is set small in the same way as σplus. 

 

While the process for solving for Ny,m and Fy.m could be taken sequentially back in time in one year 
steps as for the previous approach, this becomes more complicated here as each time the solution to 
two simultaneous non-linear equations is required; thus the minimisation process immediately above is 
easier to implement.  

 

In implementation, however, it was found that setting σF very small (i.e. forcing the equality of 
equation A16) could lead to unstable estimation behaviour. This arises because of the very small 
numbers of plus group fish estimated to be caught in some years (see Table CD.5). More robust 
behaviour was achieved by allowing some variability about the relationship of equation A16 by not 
setting σF too small; results presented in this paper set σF=0.35. Thus the relationship of equation A16 
is achieved in an “average” sense, rather than exactly each year. 

 

A.3. Calculation of MSY 

If the years with catch-at-age data considered in the VPA are Ty     to1= , then the computations above 

provide a matrix of numbers-at-age estimates, { }maTyN ay ,...1;,...1:, == . These in turn provide a 

series of spawning stock-recruitment pairs ( ){ }1,...1:, 1,1 −=+ TyNB y
sp
y  where  

( )
∑

+−
=

a

ayFaM

ay
strt

ayay
sp
y eNwfB 6

,

,,,       

 (A17) 

where the formulation of this equation is to allow for cod spawning two months after the start of the 
year, and  

strt
ayw ,   is the mass of fish of age a during spawning, and  

ayf ,   is the proportion of fish of age a that are mature. 

 

A stock recruit function with estimable parameters 
~
p : 
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yy BpfR ,

~
 is then fit to these estimates by 

minimising: 
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to obtain estimates of the parameters 
~
p . 

 

The equilibrium catch for a fully selected fishing proportion *F  is then calculated as: 
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where numbers-at-age a are given by: 
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for a Beverton-Holt stock-recruitment relationship 

or 
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for a modified Ricker stock-recruitment relationship, where the Ricker form results when fixing γ=1.
  

 

The maximum of ( )*FC  is then found by searching over F* to give *
MSYF , with the associated 

spawning biomass and yield given by 
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Typically the inputs to MSY calculation are ( )0* == FBK spsp  and stock-recruitment steepness h 

where ( ) ( )spspspsp KBRKBRh === 11 2.0 . The values of α and β for equations A21 or A22 are then 

obtained by solving two simultaneous equations: the first is obtained by substituting equation A20 with 

0* =F  into equation A17 to provide an expression for spK  in terms of ( )spsp KBR =1 , and the 

second follows from the fact that under equilibrium at spK , recruitment ( )0*
1 =FR  must exactly 

balance the number of fish dying from natural mortality over the year.  

In application (for both VPA and ASPM), the maturity- ( af ) and begin-year weight-at-age (strt
aw ) 

vectors are taken as those for the last year available. The mid-year weight-at-age vector (mid
aw ) is 
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taken as the average over the period with data available (1982-2004) and the partial recruitment (PRa, 
equivalently selectivity Sa – see Appendix B) is computed as: 
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The relationship between the fishing proportion F* and fishing mortality F is given by: 

( )*1ln FF −−=          (A26) 

 

In these calculations, the plus-group is taken as 11+. 
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ANNEX  II 

ADDENDUM 2 
 

Further SCAA/ASPM Assessments of Gulf of Maine 

Cod Including Data for 2007 and Exploring the Impact 

of Age-Dependence in Natural Mortality 
Doug S. Butterworth and Rebecca A. Rademeyer 

MARAM (Marine Resource Assessment and Management Group) 
Department of Mathematics and Applied Mathematics 

University of Cape Town, Rondebosch 7701, South Africa 
 

INTRODUCTION 

The purpose of this Addendum is to provide some further background to one of the arguments offered 

in the main text for preferring SCAA/ASPM over VPA for the assessment of the Gulf of Maine cod. 

Specifically this relates to the third bullet of the text section concerned, which argues that when the 

plus-group is treated in a mathematically consistent way within VPA, results can fail to show 

robustness to the manner in which asymptotically flat commercial selectivity assumption is imposed on 

the computations. 

 

In Butterworth and Rademeyer (2008a, Appendix 1, reproduced here as Annex I), an “Alt-VPA” 

approach was developed to correct the mathematical inconsistency in the manner in which plus-group 

computations had been carried out for previous ADAPT-VPA applications to this stock. For the 

asymptotically flat commercial selectivity assumption, this involves associating an effective standard 

deviation σF with the distribution of differences between Fy-1,m and Fy,m, where m is the age of the plus-

group. In a penalty added to the sum of squares (SS) function minimised in fitting the Alt-VPA to the 

abundance index data to promote nearer equality of Fy-1,m and Fy,m, the weight associated with their 

differences is then taken to be 1/(σF)2, i.e. the lower the σF value input, the greater the weight given to 

satisfying the asymptotically flat selectivity assumption exactly for every year. 
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In the process of considering alternative mechanisms to account for the relative paucity of older cod in 

the commercial and surveys catches-at-age, the Alt-VPA method was applied to the updated data for 

the Gulf of Maine cod stock for the default M=0.2 assumption, but treating  M for the plus-group 

(m=8+) as a further estimable parameter. 

 

RESULTS AND DISCUSSION 

Applications of Alt-VPA for this scenario (an estimable M for the plus-group) were considered across a 

wide range of values of σF. Interestingly the results effectively bifurcated once σF fell much below 

0.35. Fig. A2.1 shows results for two illustrative values for σF (and they differ little from the one or the 

other of these solutions for other choices for σF ). For the lower values of σF, lower estimated 

biomasses are indicated, with M for the plus-group at a constraint boundary of 0.01; but for the higher 

values of σF, estimated biomasses are appreciably larger, and the plus-group M is estimated to be large 

(0.86 for the case shown). The fit to the abundance index data is better for the higher of the σF  values 

considered (SS = 251.2 compared to 266.0, i.e. the abundance indices “prefer” some variability rather 

than exactness in the asymptotically flat commercial selectivity assumption), though the difference 

between these values drops from 14.9 to only 1.5 when the penalty associated with deviations from 

flatness is taken into account. 

 

Table A2.1 compares the F matrices for the two values of σF considered. When more weight is given to 

achieving exact flatness in commercial selectivity between ages m-1 and m each year, it is noticeable 

that at times the associated F reaches very high values (higher perhaps than might be thought realistic). 

 

Nevertheless, however one might interpret these F matrices, the salient point is that VPA can yield 

very different results depending on the manner in which the asymptotically flat selectivity assumption 

is imposed. In actuality there would be variation about such a relationship, not exactness, so the 

solution corresponding to σF -> 0 is not necessarily to be preferred. Results depend (in the case 

examined, at least) on the value input for σF, but there is no immediately clear basis for the choice for 

this value.  
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It is this indeterminacy that gave rise to the comment about a lack of robustness of VPA in the main 

text. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table A2.1: Fishing mortality at age for the Gulf of Maine cod VPA assessments for 
which M for the plus-group is treated as an estimable parameter for σF =0.01 and 
σF=0.35. 
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Fig. A2.1: Spawning biomass trajectories for the Gulf of Maine cod VPA assessment 
for which M for the plus-group is treated as an estimable parameter for σF =0.01 and 
σF=0.35. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


