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Summary 

Age structured production model assessments are explored for four redfish 

populations. The reason for introducing age-structure into the models is to 

allow a sounder reality check of the estimates of the survey catchability 

coefficients q that result when the models are fit to data. The data fitted are 

the survey abundance trends plus catch-at-length information from both 

surveys and the commercial catches. The catches-at-length are used to 

estimate selectivity-at-age relationships, though some assumptions are 

required, particularly for the commercial information which is not available in 

species disaggregated form. Only for S. fasciatus in Unit 3 is the survey trend 

compatible with the expected impact of past catches in terms of a simple 

density-dependent population model, and the associated assessment results 

could be used to inform reference point determination for this population. 

However for the other three populations considered (S. mentella and S. 

fasciatus in Units 1+2 and S. fasciatus in 2J3K) further assumptions are needed 

(e.g. regime shifts related to changes in productivity) to achieve compatibility 

between model output and survey trends, so that population model-based 

assessment of the current status of these populations is problematic. The most 

immediate concern for these three populations would seem to be whether or 

not current levels of catch are sustainable, and a suggestion is made as to how 

that might be addressed.  

 

Introduction 

To our knowledge, McAllister and Duplisea (2011) reports the first attempt to use population 

model based assessments of the redfish populations in Atlantic Canada’s EEZ to inform the 

determination of reference points. Clearly, in principle, the choice of management reference 

points, such as biomass LRPs, is best made on basis of the fits of such population models to 

available data.  

However it is also important, before the results from such approaches might be adopted, to 

check that the models used do provide acceptable fits to these data. The estimates from 

these models also need to be checked for plausibility through considering their reasonable 

compatibility with comparative results for redfish populations elsewhere, and general 

understanding of the population monitoring data (such as abundance indices from surveys) 

to which the models are fit.  

This paper presents the results of some initial applications of Statistical Catch-at-Age 

methodology (SCAA – sometimes known as Age Structured Production Models, or ASPM) to 

data for: 

a) S. mentella in Units 1 + 2, 

b) S. fasciatus in Units 1 + 2, 

c) S. fasciatus in Divisions 2J3K, and 

d) S. fasciatus in Unit 3. 
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The particular intent of this exercise is to perform the checks indicated above: 

a) to examine whether models show consistency with trends in survey estimates of 

abundance (a diagnostic of particular importance in assessing the reliability of model 

results) for the simplest form of these models, or if not explore whether this 

consistency can be restored by admitting the possibility of simple changes over time 

in some model parameter; and 

b) given that survey data have been analysed on a swept area basis, to provide 

estimates of abundance in absolute terms, to check whether the estimates of the 

values of the constants of proportionality (q) relating these to the biomass estimates 

provided by the population model fits appear plausible. 

The special reason for moving from the age-aggregated production model framework of 

McAllister and Duplisea (2011) to SCAA is to be able to address b). Production models 

incorporate a somewhat artificial construction for the “biomass” which they estimate, and 

these estimates can be considerably biased as measures of the actual underlying resource 

abundance. In contrast, SCAA in the form of ASPM (with a deterministic stock recruitment 

function) provides the simplest approach which can claim to reflect the actual age-structure 

of the biomass being modelled and estimated, and hence provide estimates of q that would 

be expected to be close to 1 if all fish are available to the gear, and there is no appreciable 

herding by the net or avoidance behaviour by the fish. (Indeed redfish are semi-pelagic, and 

Power and Mowbray (2000) estimate that some 20% would be too high in the water column 

to be available to the research trawl gear, which lowers the value close to 1 just mentioned 

for q to 0.8.) We note, for example the recent estimates of q provided by NAFO XSA (age-

structure based) assessments of redfish in Division 3M which range from 1.22 to 1.98, 

averaging 1.69 with a standard deviation of 0.41 (R Alpoim, pers. commn). An immediate 

expectation is that q estimates for assessments of the four stocks above should not differ 

greatly from these values unless some cogent rationale can be offered for the case in 

question. 

   

Data and Methodology 

The catch and survey based data (including catch-at-length information) and some biological 

data are listed in Tables in Appendix A. 

The details of the SCAA assessment methodology are provided in Appendix B.  

Particular difficulties for these redfish assessments arise from the facts that the commercial 

catches, and also information on their length distributions (in contrast to the situation for 

the surveys), do not distinguish the two species S. mentella and S. fasciatus.  Thus catch by 

species information input to our assessments rests on assumptions and is open to question, 

while the combined species length distribution information likely reflects more smaller fish 

than in the actual S. mentella distribution, and vice versa for S. fasciatus (D Power, pers. 

commn). Though some of the SCAA models are fitted to combined species commercial catch 

length distributions, the inevitable errors that this involves should not be seen as necessarily 

a major impediment to the approach. This is because in moving to an ASPM approach for 

greater realism, the intent is to achieve this through use of a commercial selectivity-at-

length function which is “in the right ball-park”, rather than requiring exactitude.  

In any case, in conducting these ASPM assessments, sensitivity to variations of the estimated 

selectivity-at-length function is investigated. Furthermore, for one of the three S. fasciatus 

stocks considered (Divisions 2J3K), commercial catch at length information was not 

available, so that the selectivity-at-length function estimated for S. fasciatus in Units 1+2 was 

used as a fixed input to this other ASPM assessment.   
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The decision was made to assume constant selectivity-at-length (though differing by species, 

and amongst surveys and commercial catches) for these assessments, as it seems likely to be 

more realistic than to assume constant selectivity-at-age in generating expected length 

distributions from the population model to fit to observed length distributions. The 

approach used assumes distributions of length-at-age that are invariant over time, leading to 

the effective selectivities-at-age age that are used in accounting for effect of catches on the 

age-structured population dynamics, as elaborated in Section B.3 of Appendix B. 

Stock- specific features of the assessments and associated sensitivities conducted are as 

follows. 

S. mentella in Units 1+2 

As the simplest time-invariant ASPMs are unable to reflect the downward trends in the 

survey indices, a change in the unexploited equilibrium spawning biomass (K) is introduced, 

with the time (1982) of the change being determined so as to achieve the best fit to the 

data. Note that allowing K to change is effectively equivalent to changing expected 

recruitment levels in transitions between presumably different regimes with differing levels 

of productivity. For the Base Case chosen, the selectivity-at-length estimated from fitting to 

the commercial catch-at-length distributions is shifted to the right to allow qualitatively for 

the S. mentella tending towards the larger end of the combined species length distribution 

data (D. Power, pers. commn). Other sensitivities include: 

• the time series commencing with the resource at different fractions of K, 

• forcing the survey multiplicative bias factor q to be less than 1,  

• allowing for error in the splitting of catches between species, both as an absolute 

percentage fixed over time, and as a trend over time, and 

• increasing the natural mortality by 50% to 0.15. 

S. fasciatus in Units 1+2 

As above for S. mentella, a change in K, here from 1981, is needed to allow the model to 

reflect the downward trend in the survey in Unit 1 in the early 1990’s. The Base Case shifts 

the estimated selectivity-at-length for the commercial catch to the left because the lengths 

of this species in this catch tend to be lower (D. Power, pers. commn). A sensitivity examines 

restricting the survey q to be less than 1, while another increases the natural mortality by 

50% to 0.1875.  

S. fasciatus in Divisions 2J3K 

The approach here is similar to that for Units 1+2, and fixing the commercial selectivity-at-

length to be the same as for the assessment for that region. Survey trends are, however, not 

compatible with a single change only in K, but require the more complex behaviour of a 

decrease from 1960 to 1970, followed later by an increase from 1990 to 2000 and constancy 

thereafter. The choice of this form was made by first conducting an assessment that allowed 

for a random walk in K from year to year, and then choosing a parsimonious 

parameterization of the temporal pattern that emerged.  

S. fasciatus in Unit 3 

Here there is some indication in the survey data of an upward response to the cutback in 

catches that occurred in the mid-1970s. Sensitivities focus mainly on varying the value of q 

for the standard assessment model without any change in K over time.  
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Results   

S. mentella in Units 1+2 

The results of the ASPM variants explored are listed in Table 1, with corresponding spawning 

biomass trajectories plotted in Fig. 1. The commercial and survey selectivities estimated for 

Cases 1 (M&D K and θ), 2 (K estimated and θ=1), 3a (as 2 but commercial selectivity-at-

length shifted to the right by 5 cm) and the Base Case (as 2 but commercial selectivity-at-

length shifted to the right by 10 cm) assessments are plotted in Fig. 2. (Note: the Base Case 

is what we would tentatively offer as the best of the various options we investigate for each 

population. In this case the allowance for a rightward shift in the commercial selectivity 

compared to that estimated from the length distribution for catches from the two species 

combined is an attempt to allowed for the difference in the length distributions, if 

disaggregated by species, as advised by D. Power.) 

Cases 6 and 7 allow for error in the splitting of catches between species and the resulting 

assumed catch series are shown in Fig. 3. 

The fit of the Base Case to the survey indices and the commercial and survey CAL are shown 

in Figs 4 and 5 respectively. 

 

S. fasciatus in Units 1+2 

The results of the ASPM variants explored for S. fasciatus in Units 1+2 are listed in Table 2, 

with corresponding spawning biomass trajectories plotted in Fig. 6. The commercial and 

survey selectivities estimated for Cases 3 (change in K in 1982), 4a (as 3 but commercial 

selectivity-at-length shifted to the left by 2 cm) and the Base Case (as 3 but commercial 

selectivity-at-length shifted to the left by 5 cm) assessments are plotted in Fig. 7.  

The fit of the Base Case to the survey indices and the commercial and survey CAL are shown 

in Figs 8 and 9 respectively. 

 

S. fasciatus in Division 2J3K 

The results of the ASPM variants explored for S. fasciatus in Division 2J3K are listed in Table 

3, with corresponding spawning biomass trajectories plotted in Fig. 10. The Base Case 

includes changes in carrying capacity over time and the resulting trajectory is also plotted in 

Fig. 10. The commercial and survey selectivities for the Base Case assessment are plotted in 

Fig. 11.  

The fit of the Base Case to the survey index and the survey CAL are shown in Figs 12 and 13 

respectively. 

 

S. fasciatus in Unit 3 

The results of the ASPM variants explored for S. fasciatus in Unit 3 are listed in Table 4, with 

corresponding spawning biomass trajectories plotted in Fig. 14. The commercial and survey 

selectivities for the Base Case assessment are plotted in Fig. 15. 

The fit of the Base Case to the survey index and the commercial and survey CAL are shown in 

Figs 16 and 17 respectively. 
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Discussion 

S. mentella 1+2: the Base Case provides a fit to the surveys that is just about acceptable  (if 

one considers the earliest Unit 1 value an outlier – see Fig. 4). Once a change in K is 

admitted, the present resource status changes from highly depleted to generally above K. 

This arises because initially there are more older fish than would be present under pristine 

equilibrium conditions for the new lower K, with consequential lower recruitment, and 

catches after the drop in K take time to reduce this “reserve” of older fish. Other sensitivities 

make little qualitative difference. For the Unit 2 survey, q marginally exceeds 1 for the Base 

Case (Table 1). 

S. fasciatus 1+2: a change in K is essential here to try to reflect the downward trend in the 

Unit 1 survey in the early 1990s, but the resultant fit to the data remains inadequate. The 

associated assessment suggests that while the resource had dropped to well below the 

original value of K, it is now above the MSY biomass level for the new lower K. For the Unit 2 

survey, q for the Base Case is well above 1 at 3; for lower values of this q, the fits to the 

survey data trends deteriorate appreciably (Table 2).  

S fasciatus 2J3K: this is an important case because after dropping to very low levels, the 

survey results have recently shown some increase (Fig. 12). This is not the case for either S. 

mentella or S. fasciatus in Unit 1+2 where the most recent survey results remain low, which 

could in turn suggest that some Allee effect might be in operation. This 2J3K case confirms 

that these redfish resources can recover from low survey values, which suggests that an 

Allee effect is less likely to be in operation for these populations. Similarly to the previous 

case, the Base Case model estimates q to be about 3, with substantial deterioration of fits to 

these data for lower q values (Table 3). This arises because lower q values mean larger 

abundances in absolute terms, and the catches taken then become too small to impact 

abundance and hence survey trends to the extent evident from the survey data. 

S fasciatus Unit 3:  Here the survey data are compatible with the standard population model, 

and the q estimate of 0.62 would seem perfectly plausible (Table 4). However because the 

data are fairly noisy, this estimate of q is not that precise, with a likelihood profile indicating 

a 95% CI range of [0.42; 0.87]. 

 

Generally fits to survey CAL data seem reasonable in terms of random patterns in residuals 

(except perhaps for S. fasciatus in 2J3K). There are however systematic effects for the 

commercial CAL data, which suggest changes over time in the selectivity pattern, but these 

seem unlikely to be sufficiently large to invalidate the utility of the results. 

 

Increasing natural mortality, M, leads to lower estimates of q, but not always to improved 

fits to the data. 

 

 

Concluding remarks 

Only for one of the four cases considered (S. fasciatus in Unit 3) do these analyses suggest 

the survey data trends to be consistent with the impact of catches on abundance trends that 

is to be expected for a standard density-dependent population model. In this case the model 

fitted might be used to provide estimates of reference points. 

However for the other three cases, one has either to assume a systematic change in q over 

time (which then really leaves little basis to draw inferences about population trends and 

statuses), or assume a shift to a less productive regime (lower K and lower recruitment), 

with a later reverse shift in one case. 
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While there are some aspects of these population model analyses which more complex 

approaches might resolve, these fundamental problems seem likely to remain, which raises 

the question of how then best to proceed? The most important management question for 

these other three resources would then seem to be whether or not current levels of catch 

are sustainable. One way of addressing that could be to select a plausible range for q based 

on existing satisfactory results (e.g. perhaps those for S. fasciatus in Unit 3 from this study 

and the NAFO analysis for 3M mentioned above), and use that information to provide ranges 

for current biomass in the other three cases considered here. Yield-per-recruit analyses, or 

the S. fasciatus Unit 3 analysis above, can provide estimates of sustainable fishing mortality 

levels. Combining these last with the biomass ranges would provide numbers that could be 

compared with current catch levels to reach some conclusions concerning their likely 

sustainability. 
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Table 1: Results of fits of various SCAA variants for S. mentella in Units 1 + 2. Values fixed on input rather than estimated are shown in bold. Mass units are 

‘000t. In cases where the value of the pre-exploitation spawning biomass K changes within the assessment period, the second column reports estimates for 

the latter period. M&D is McAllister and Duplisea (2011). 
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Table 2: Results of fits of various SCAA variants for S. fasciatus in Units 1 + 2. Values fixed on 

input rather than estimated are shown in bold. Mass units are ‘000t. In cases where the 

value of the pre-exploitation spawning biomass K changes within the assessment period, the 

second column reports estimates for the latter period. M&D is McAllister and Duplisea 

(2011). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Estimate is infinity – the fitting algorithm stops at this value 

 

Table 3: Results of fits of various SCAA variants for S. fasciatus in Divisions 2J3K. Values fixed 

on input rather than estimated are shown in bold. Mass units are ‘000t. In cases where the 

value of the pre-exploitation spawning biomass K changes within the assessment period, the 

second column reports estimates for the middle period (1970-1990) and the third column 

for the end of the assessment period. M&D is McAllister and Duplisea (2011). 
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Table 4: Results of fits of various SCAA variants for S. fasciatus in Unit 3. Values fixed on 

input rather than estimated are shown in bold. Mass units are ‘000t. M&D is McAllister and 

Duplisea (2011). 
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Figure 1: Spawning biomass trajectories in absolute terms for the different variants for S. 

mentella in Unit 1 + 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Survey and commercial fishing selectivities-at-length and consequent effective 

selectivities-at-age estimated for Cases 1, 2, 3a and the Base Case assessments for S. 

mentella, Units 1 + 2. The survey selectivities for all four cases are set to be the same as for 

the Base Case. 
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Figure 3: Total catch assumed for S. mentella, Units 1 + 2 for the Base Case assessment, 

Cases 6c, 6d (Cases 6a and 6b lie between these and the Base Case) and Cases 7a, 7b. 

 

 

 

 

 

 

 

 

 

Figure 4: Fit to the survey abundance indices for the Base Case and Case 1 assessments for S. 

mentella in Unit 1 + 2. 
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Figure 5: Fit of the Base Case assessment for S. mentella in Unit 1 + 2 to the survey and 

commercial catch-at-length data. The left side plots compare the observed and predicted 

CAL as averaged over all years for which data are available, while the right side plots show 

the standardised residuals, with the size (area) of the bubbles being proportional to the 

magnitude of the corresponding standardised residuals. For positive residuals, the bubbles 

are grey, whereas for negative residuals, the bubbles are white.  
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Figure 6: Spawning biomass trajectories in absolute terms for different variants of the 

assessment and total catch assumed for S. fasciatus in Unit 1 + 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7: Commercial (top row) fishing selectivities-at-length and consequent effective 

selectivities-at-age estimated for Cases 3, 4a and the Base Case and survey (bottom row) 

fishing selectivities-at-length and at-age for the Base Case assessment for S. fasciatus, Units 

1 + 2. 

 

 

 

 

 

 

 

 

Figure 8: Fit to the survey abundance indices for the Base Case assessment for S. fasciatus in 

Unit 1 + 2. 
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Figure 9: Fit of the S. fasciatus Unit 1 + 2 Base Case assessment to the survey and 

commercial catch-at-length data. The left side plots compare the observed and predicted 

CAL as averaged over all years for which data are available, while the right side plots show 

the standardised residuals, with the size (area) of the bubbles being proportional to the 

magnitude of the corresponding standardised residuals. For positive residuals, the bubbles 

are grey, whereas for negative residuals, the bubbles are white. 
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Figure 10: Spawning biomass trajectories in absolute terms for different variants of the 

assessment for S. fasciatus in Divisions 2J3K. The changes in carrying capacity for the Base 

Case are shown in the top right-hand plot. The total catch assumed is shown in the bottom 

plot. 

 

 

 

 

 

 

 

Figure 11: Commercial and survey fishing selectivities-at-length and consequent effective 

selectivities-at-age for the Base Case assessment for S. fasciatus, Divisions 2J3K. 

 

 

 

 

 

 

 

 

Figure 12: Fit to the survey abundance index for the Base Case assessment for S. fasciatus in 

Divisions 2J3K. 
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Figure 13: Fit of the S. fasciatus Divisions 2J3K Base Case assessment to the survey catch-at-

length data. The left side plot compares the observed and predicted CAL as averaged over all 

years for which data are available, while the right side plot shows the standardised residuals, 

with the size (area) of the bubbles being proportional to the magnitude of the corresponding 

standardised residuals. For positive residuals, the bubbles are grey, whereas for negative 

residuals, the bubbles are white. 

 

 

 

 

 

 

 

 

 

 

Figure 14: Spawning biomass trajectories in absolute terms for different variants of the 

assessment and total catch assumed for S. fasciatus in Unit 3. 

 

 

 

 

 

 

 

 

 

 

Figure 15: Commercial and survey selectivities-at-length and consequent effective 

selectivities-at-age estimated for the Base Case assessment for S. fasciatus, Units 1 + 2. 
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Figure 16: Fit to the survey abundance index for the Base Case assessment for S. fasciatus in 

Unit 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 17: Fit of the S. fasciatus Unit 3 Base Case assessment to the survey and commercial 

catch-at-length data. The left side plots compare the observed and predicted CAL as 

averaged over all years for which data are available, while the right side plots show the 

standardised residuals, with the size (area) of the bubbles being proportional to the 

magnitude of the corresponding standardised residuals. For positive residuals, the bubbles 

are grey, whereas for negative residuals, the bubbles are white. 
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APPENDIX A – Data 

Note: Units are throughout cm for length and yr for time. 

 

Table A1: Catch in kt for S. mentella and S. fasciatus in the different management units. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  



 19

Table A2: Swept area mature (i.e. >24cm for S. mentella, and >22cm for S. fasciatus) biomass 

estimates (in kt) and coefficients of variation (CVs) for S. mentella in Units 1 and 2, from 

MacAllister and Duplisea (2011), table 4. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 20

Table A3a: Commercial catch-at-length (number) for Atlantic redfish (all species combined) in Unit 1 (Daniel Duplisea, pers. commn) 
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Table A3b: Commercial catch-at-length (numbers) for Atlantic redfish (all species combined) for Unit 2 (Don Power, pers. commn) 
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Table A3c: Commercial catch-at-length (in thousands) for Atlantic redfish (assumed to be all S. fasciatus) for Unit 3 (Peter Comeau, pers. commn) 
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Table A4a: Survey catch-at-length (numbers) for S. mentella for Unit 1 and Unit 2 (Daniel Duplisea, pers. commn) 
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Table A4b: Survey catch-at-length (numbers) for S. fasciatus for Unit 1 and Unit 2 (Daniel Duplisea, pers. commn) 
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Table A4c: Survey catch-at-length (numbers) for S. fasciatus for Unit 2J3K (Don Power, pers. commn) 
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Table A4d: Survey catch-at-length (numbers) for S. fasciatus for Unit 3 (Peter Comeau, pers. commn) 
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Table A5: Life history parameters assumed for S. mentella and S. fasciatus. 
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Appendix B - The Age-Structured Production Model 

 

The model used for these assessments is an Age-Structured Production Model (ASPM) (e.g. 

Hilborn, 1990). Models of this type fall within the more general class of Statistical Catch-at-

Age Analyses. The approach used in an ASPM assessment involves the construction of an 

age-structured model of the population dynamics and fitting it to the available abundance 

indices by maximising the likelihood function. The general specifications of the model and its 

equations are described below, followed by details of the contributions to the (penalised) 

log-likelihood function from the different sources of data available and assumptions 

concerning the stock-recruitment relationship. Quasi-Newton minimization is used to 

minimize the total negative log-likelihood function (the package AD Model BuilderTM, Otter 

Research, Ltd is used for this purpose). 

 

B.1. Population dynamics 

B.1.1 Numbers-at-age 

The resource dynamics are modelled by the following set of population dynamics equations: 
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where 

ayN ,   is the number of fish of age a at the start of year y (which refers to a calendar year), 

yR   is the recruitment (number of 0-year-old fish) at the start of year y, 

aM   denotes the natural mortality rate for fish of age a, 

ayC ,   is the predicted number of fish of age a caught in year y, and 

 m is the maximum age considered (taken to be a plus-group), m=20. 

 

These equations reflect Pope’s form of the catch equation (Pope, 1972) (the catches are 

assumed to be taken as a pulse in the middle of the year) rather than the more customary 

Baranov form (Baranov, 1918) (for which catches are incorporated under the assumption of 

steady continuous fishing mortality). Pope’s form has been used in order to simplify 

computations. As long as mortality rates are not too high, the differences between the 

Baranov and Pope formulations will be minimal. 

 

B.1.2. Recruitment 

The number of recruits at the start of year y is assumed to be related to the spawning stock 

size (i.e. the biomass of mature fish) by a Beverton-Holt stock-recruitment relationship 

(Beverton and Holt, 1957), parameterised in terms of the “steepness” of the stock-

recruitment relationship, h, and the pre-exploitation equilibrium spawning biomass,
spK , 
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and recruitment, 0R  and allowing for annual fluctuation about the deterministic 

relationship:  
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where  

yς   reflects fluctuation about the expected recruitment for year y, which is assumed to 

be normally distributed with standard deviation σR (which is input in the applications 

considered here); these residuals are treated as estimable parameters in the model 

fitting process.  

sp
yB   is the spawning biomass at the start of year y, computed as: 
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where  

strt
ayw ,   is the mass of fish of age a during spawning,  

ayf ,  is the proportion of fish of age a that are mature 

sM  . is the fraction of mortality that occurs before spawning (Table A5). 

In the fitting procedure, spK is estimated while h has thus far been fixed at 0.67 for 

consistency with McAllister and Duplisea (2011). 

 

B.1.3. Total catch and catches-at-age 

The catch by mass in year y is given by: 
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where 

mid
aw   denotes the mass of fish of age a+1/2, 

ayC ,   is the catch-at-age, i.e. the number of fish of age a, caught in year y, 

aS  is the commercial selectivity (i.e. combination of availability and vulnerability to 

fishing gear) at age a; when aS = 1, the age-class a is said to be fully selected, and 

yF  is the proportion of a fully selected age class that is fished.  

 

The model estimate of the mid-year exploitable (“available”) component of biomass is 

calculated by converting the numbers-at-age into mid-year mass-at-age (using the individual 

weights of the landed fish) and applying natural and fishing mortality for half the year: 
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whereas for survey estimates of biomass: 









−=

−

=
∑ 12

1
,

12
,

,

1

,

,
isurv

ya

m
M

ay
isurv

a

m

a

mid
a

isurv
y

m
FSeNSwB

isurv

a

   (B8) 

where  

isurv
aS ,  is the survey selectivity for age a for survey i, and 

isurvm ,

 is the month in which survey i takes place, see Table below.
 

 

 
 
 
 
 
 

B.1.4. Initial conditions 

For the first year (y0) considered in the model therefore, the stock is assumed to be at a 

fraction (θ ) of its pre-exploitation biomass, i.e.: 

spsp
y KB ⋅= θ

0
         (B9) 

with the starting age structure: 

astartstartay NRN ,,0
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where φ  characterises the average fishing proportion over the years immediately preceding 

y0. 

Unless indicated otherwise though, the stock is assumed to be at pristine equilibrium in 

1960, i.e. θ =1 and φ =0 for the results reported here. 

 

B.2. The (penalised) likelihood function 

The model can be fit to (a subset of) CPUE and survey abundance indices, and commercial 

and survey catch-at-age data to estimate model parameters (which may include residuals 

about the stock-recruitment function, the fishing selectivities, the annual catches or natural 

mortality, facilitated through the incorporation of penalty functions described below). 

Contributions by each of these to the negative of the (penalised) log-likelihood (- Lnl ) are as 

follows. 
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B.2.1. Survey abundance data 

The likelihood is calculated assuming that the observed survey index is log-normally 

distributed about its expected value:  
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where 

i
yI   is the survey biomass  index for year y and survey i, 

isurv
y

ii
y BqI ,ˆˆˆ =  is the corresponding model estimate, where 

isurv
yB ,

)
 is the model estimate of 

survey biomass, given by equation (B8), 

iq̂  is the constant of proportionality (catchability) for survey series i, and 

i
yε  from ( ) 






 2

,0 i
yN σ . 

 

The contribution of the survey biomass data to the negative of the log-likelihood function 

(after removal of constants) is then given by: 
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where  

i
yσ   is the standard deviation of the residuals for the logarithm of survey index i in year y. 

The catchability coefficient 
iq for survey index i is estimated by its maximum likelihood 

value: 
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B.2.2. Commercial catches-at-length 

The contribution of the catch-at-length data to the negative of the log-likelihood function 

under the assumption of an “adjusted” lognormal error distribution is given by: 

( ) ( ) ( )[ ]∑∑ −+=−
y l
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22
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where  

',',, / lyllyly CCp ∑=  is the observed proportion of fish caught in year y that are of length 

l, 

',',,
ˆ/ˆˆ lyllyly CCp ∑=  is the model-predicted proportion of fish caught in year y that are of 

length l,  

where 
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where 
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and 

laA ,  is the proportion of fish of age a that fall in the length group l (i.e.
 

1, =∑
a

laA
  

for all 

ages a)  

The matrix A is calculated under the assumption that length-at-age is normally distributed 

about a mean given the von Bertalanffy equation, i.e.: 
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where 

N is the normal distribution, and 

aθ   is the standard deviation of length-at-age a, which is modelled to be proportional to 

the expected length at age a, i.e.: 

( ))( 01 ta
a eL −−

∞ −= κβθ
       (B21) 

with β = 0.1. 

 

comσ   is the standard deviation associated with the catch-at-length data, which is 

estimated in the fitting procedure by: 
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The log-normal error distribution underlying equation (B17) is chosen on the grounds that 

(assuming no ageing error) variability is likely dominated by a combination of interannual 

variation in the distribution of fishing effort, and fluctuations (partly as a consequence of 

such variations) in selectivity-at-age, which suggests that the assumption of a constant 

coefficient of variation is appropriate. However, for ages poorly represented in the sample, 

sampling variability considerations must at some stage start to dominate the variance. To 

take this into account in a simple manner, motivated by binomial distribution properties, the 

observed proportions are used for weighting so that undue importance is not attached to 

data based upon a few samples only. 

Commercial catches-at-length are incorporated in the likelihood function using equation 

(B17), for which the summation over age l is taken from length lminus (considered as a minus 

group) to lplus (a plus group), see Table B1. 

 

B.2.3. Survey catches-at-length 

The survey catches-at-age are incorporated into the negative of the log-likelihood in an 

analogous manner to the commercial catches-at-age, assuming an adjusted log-normal error 

distribution (equation (B17)) where: 
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ly CCp  is the observed proportion of fish of length l in year y for survey 

series i, 

i
lyp ,ˆ  is the expected proportion of fish of length l in year y in the survey i, given by: 
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Survey catches-at-length are incorporated in the likelihood function using equation (B17), 

for which the summation over age l is taken from length lmin (not considered as a minus 

group) to lplus (a plus group), see Table B1. 

 

B.2.4. Stock-recruitment function residuals 

The stock-recruitment residuals are assumed to be log-normally distributed. Thus, the 

contribution of the recruitment residuals to the negative of the (now penalised) log-

likelihood function is given by: 
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where 

yε   from ( )( )2,0 RN σ , which is estimated for year y1 to y2 (see equation (B4)), and 

Rσ  is the standard deviation of the log-residuals, which is input ( 5.0=Rσ ) 

 

Table B1: Minus and plus length groups (in cm) for the commercial and survey CAL. Note: lmin 

for the surveys is not taken as a minus group. 
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B.3. Model parameters 

B.4.1. Fishing selectivity-at-length: 

The commercial and survey fishing selectivity-at-length, lS and 
isurv

lS ,
 are estimated in 

terms of a logistic curve: 

( )( )[ ] 1
/exp1
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where 

f
cl  cms is the length-at-50% selectivity, 

fδ  cm-1 defines the steepness of the ascending limb of the selectivity curve. 

The selectivities-at-length are then converted to an effective selectivity at age aS
~

: 
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mid
aw~ is the selectivity-weighted mid-year weight-at-age a, and 

lw  is the weight of fish of length l;  
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