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Summary 

The Statistical Catch-at-Age assessments of the Gulf of Maine cod stock by 

Butterworth and Rademeyer (2012) are extended, with a particular focus on the 

estimation of Biological Reference Points (BRPs). The analysis supports starting these 

assessments from an early year to provide precise estimates of these BRPs, and the 

estimation n of the Ricker form of the stock –recruitment relationship within the 

assessment is found to be preferred. Across a wide range of sensitivity tests the 2011 

spawning biomass is robustly estimated at about 14 thousand tons with specific 

estimates ranging from about 12.5 to 16 thousand tons. When starting the 

assessments in the 1960s or earlier with a Ricker stock-recruitment function, most 

estimates of the spawning biomass which provides MSY are around 25 thousand tons 

for the M = 0.2 scenario, and around 13 thousand tons for the M increasing scenario; 

the corresponding estimates of MSY itself are about 13 and 6 thousand tons 

respectively. The AIC selection criterion and a reduced retrospective pattern suggest 

that greater weight should be accorded to results for the M increasing compared to 

the M = 0.2 scenario. 

 

Introduction 

This paper continues from that (Butterworth and Rademeyer, 2012) submitted to the earlier 

SAW/SARC 55 Modeling Meeting. Taking account of advances made and some agreements 

reached at that meeting, it extends SCAA assessment analyses for Gulf of Maine cod, now 

particularly focusing also on the estimation of MSY-related biological reference points. (BRPs)  

 

Data and Methodology 

The catch and survey based data (including catch-at-length information) and some biological 

data used for the analyses are listed in Tables in Appendix A. These have been updated in a few 

respects in the light of discussions at the earlier Modeling Meeting; the consequent changes are 

indicates through highlighting. 
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The details of the SCAA assessment methodology are provided in Appendix B. As in Appendix A, 

there are some recent changes which are highlighted. 

 

Results 

Results are first given for variants on an assessment run which incorporates the following 

choices, based primarily on those made for a comparison exercise with ASAP outputs run during 

the Modeling Meeting. These include: 

• Use the sqrt(p) formulation of equation B.21 to describe the distribution of proportions-

at-age (in relation to numbers of fish). 

• No refinement of the Bigelow-Albatross calibration function within the assessment. 

• Force flat selectivity at ages of 5/6 and above for the NEFSC autumn/spring surveys 

(though estimation of a common doming trend in the commercial selectivities is allowed 

– see Section B.4.1). 

• Make allowance for additional variance when fitting to time series of abundance indices 

• Fit to the aggregated abundance indices as expressed in terms of numbers (equation 

B10) rather than biomass.  

• Where pertinent given the starting year, incorporate data on NEFSC survey length 

compositions from the 1960s when catches from these surveys were not aged. 

The first sensitivity exercise conducted is run conduct assessments comprising a full cross of the 

following factors: 

a) Start in 1963 (estimating the first three numbers-at-age in the starting vector and then 

the parameter φ) vs start in 1982 (estimating all elements of the starting numbers at age 

vector). 
b) M = 0.2 vs M increasing linearly from 0.2 prior to 1989 to 0.4 from 2003 
c) Internal (equation B31) vs external (equation B39) estimation of the stock-recruitment 

relationship; note that with external estimation, the assessment shrinks only the last 

two recruitment estimates as detailed in section B.2.6 
d) Use of a Ricker (equation B4 with γ= 1) vs a Beverton Holt (equation B5) stock-

recruitment relationship. 

Tables 1 and 2 list the results of this examination, showing log likelihood contributions and 

model parameter estimates, and also now estimates of BRPs. 

For the purpose of further evaluation, a Reference Case (RC) is selected from the cases 

considered above, with the same specifications for each of the M = 0.2 and M increasing 

scenarios. This RC starts the assessment in 1963, and estimates a Ricker stock-recruitment curve 

internally. 

Table 3 shows results for sensitivities to the RC for M = 0.2. First sensitivities to different starting 

years are shown, and then some other factors investigated. For the different starting years, the 
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numbers of ages which are estimated individually in the starting vector are (1, 3, 3, 4, 5, all, all) 

for the years (1934, 1963, 1964, 1965, 1967, 1970 and 1982) respectively. These choices were 

made on an AIC basis. Table 4 is similar to Table 3, but for the RC with M increasing and with 

somewhat fewer sensitivities. 

Table 5 gives results for the authors’ “preferred” runs for the two different M scenarios. These 

“preferred” runs differ from the RC only in starting in 1934 rather than 1963, and in 

incorporating refinement of the Bigelow-Albatross calibration function within the assessment. 

The reasons for the various choices made for these “preferred” runs are given in the Discussion 

section following. 

Figs 1-7 are constructed to illustrate some of the sensitivities associated with different choices 

for a number of the factors requiring specification in the assessment. Figs 1-3 show various 

trajectory plots for spawning biomass and recruitment, some of which also show approximate 

Hessian-based 95% CIs, and Fig. 1 also shows the total catch trajectory. Fig. 4 plots some of the 

selectivity functions that differ across the sensitivities investigated, while Fig. 5 compares 

spawning biomass trajectories for the two different M scenarios for the RC. Figs 6-7 compare 

different estimated stock recruitment functions. 

Figs 8-13 show diagnostic plots for the “preferred” case with M = 0.2. These include spawning 

biomass and recruitment trajectories showing approximate 95% CIs, selectivity-at-age plots, 

fits/residuals to abundance indices and proportions-at-age and -at-length data, refined Bigelow-

Albatross calibration functions, and retrospective analyses. Figs 14-19 repeat these same plots 

for the other “preferred” case with M increasing. Fig. 20 shows the fitted stock-recruiment 

relationships for each case. 

 

Discussion 

Several features are evident from the exploratory results in Tables 1 and 2: 

• Starting the assessment in 1982 provides no basis to discriminate alternative stock-

recruitment relations, and the estimates of spawning biomass at MSY are hopelessly 

imprecise for the M = 0.2 case. 

• For a 1963 start to the assessment, the Ricker form is preferred over the Beverton-Holt 

form in terms of AIC, particularly for the M increasing scenario. For M=0.2, the 

Beverton-Holt estimate of spawning biomass at MSY is appreciably larger than its Ricker 

counterpart. 

• Internal estimates of the spawning biomass at MSY for a 1963 start to the assessment 

are both somewhat higher and less precise than their external estimation counterparts, 

but this last result is not unexpected since the internal estimates take account of errors 

in estimates of spawning biomass and correlations amongst estimates over time, unlike 

the external estimates. 
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• Estimates of current (2011) spawning biomass are typically 1000 tons lower without 

internal estimation of the stock-recruitment function. 

With BRP estimation in mind, and given the results summarised in the first three bullets above, 

preference is indicated for internal estimation using a Ricker form for the stock-recruitment 

relationship, and for starting the assessment in an early year. Hence the Reference Case (RC) 

was selected to include these specifications, and with a 1963 start because that corresponded to 

the beginning of the NEFSC survey time series. 

Further results shown in Table 3 and plotted in Figs 1-7 suggest little sensitivity of recruitment 

estimates to most of the assessment options examined, and also of the spawning biomass 

trajectory except for some variability in the early years depending on the 1960s starting year 

chosen (Figs 1-3). However when the starting year is taken back to 1934, this results in a clear 

and relatively precise trend in spawning biomass of an increase over the 1950s and early 1960s 

co-incident with the low catches over that period (Fig. 2). The survey CAL data from the 1960s 

also support this trend (lowest left plot in Fig. 3). Another feature of the results for BRPs is that 

once the contrast provided by the assessment estimates from the 1960s is lost, the ability for 

precise estimation of the stock-recruitment relationship, and hence of BRPs such as the 

spawning biomass at MSY, is lost with it (Table 3 and Fig. 7). Comparison of relationships found 

by internal and external stock-recruit function estimation shows little difference (Fig. 6). 

The above points towards preferring an earlier start to the assessment than the 1963 of the RC, 

as the combination of the data and the stock-recruit relationship assumption inform the overall 

BRP estimation process further through providing meaningful information on stock dynamics 

back into the 1950s at least. 

Regarding the other sensitivity tests for M = 0.2, alternative assumptions about selectivity-at-

age pre-1982 make little difference to results (Table 3 and Fig.3, third row). Fitting to abundance 

indices in terms of biomass rather than numbers decreases the current spawning biomass 

estimate slightly, but makes little difference otherwise (Table 3, and Fig. 3, second row). Use of 

the adjusted log-normal form for the proportions data appreciably increases the variance of the 

BRP estimates (Table 3). A domed survey selectivity is preferred under AIC, but trends into the 

1960s (Fig. 3, second row) seem at variance with the pattern suggested by Fig. 1 when earlier 

years are included in the assessment. Inclusion of the Bigelow calibration refinement has little 

impact on results (Table 3). 

Where examined, these same features seem broadly present for the increasing M case, though 

to lesser extents. Unsurprisingly once M becomes higher, both spawning biomass and 

recruitment estimates increase (Fig. 5). 

Based on these results, the authors’ preference is to leave the RC specifications unchanged 

except to move to a 1934 starting year to make maximal use of data contrast in estimating BRPs, 

and to include the Bigelow calibration refinement because of its in principle desirability. 



5 

 

In broad terms the diagnostics for both the consequent “preferred” cases in Figs 8-19 are 

satisfactory. The M increasing scenario shows an appreciably reduced retrospective pattern 

compared to the M = 0.2 case (Fig. 19 compared to Fig. 13), and further is preferred in AIC terms 

(Table 5). Accordingly it would seem that more weight should be placed on the results provided 

by the M increasing scenario. 

 

Conclusions 

Key conclusions from these results are: 

• Assessments should start from as early a year as possible to maximise the contrast in 

data required to provide BRP estimates with better precision. 

• Internal over external estimation of stock-recruitment functions is preferred to best take 

the variance-covariance of spawning biomass and recruitment estimates into account. 

The Ricker form for this relationship is AIC preferred to the Beverton-Holt form. 

• Across a wide range of sensitivity tests (including treatment of the stock-recruitment 

relationship), the 2011 spawning biomass is robustly estimated at about 14 thousand 

tons with specific estimates ranging from about 12.5 to 16 thousand tons. 

• Given a start to the assessments in the 1960s or earlier, with internal estimation of a 

Ricker stock-recruitment function, most estimates of the spawning biomass which 

provides MSY are around 25 thousand tons for the M = 0.2 scenario, and around 13 

thousand tons for the M increasing scenario; the corresponding estimates of MSY itself 

are about 13 and 6 thousand tons respectively. 

• The AIC selection criterion and a reduced retrospective pattern suggest that greater 

weight should be accorded to results for the M increasing compared to the M = 0.2 

scenario. 
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Table 1: Estimates of abundance, MSY-related biological reference points (BRPs), and related quantities for the Gulf of Maine cod for a comparative exercise 

across four assessments factors: start date, internal or external estimation of the stock-recruitment relationship, the form of the stock-recruitment 

relationship, and the time dependence of natural mortality M (see text for further details). Values in round parentheses are Hessian based CV's, while 

maximum gradient refers to the quantity reported with the ADMB estimation results. Negative log-likelihood values shown in square parentheses denote non-

comparability with values given in adjacent columns. Mass units are '000 tons. y1 refers to the start year for the assessment. Recruitment Ny1,0 is in millions. 

Refer to Appendix B for definitions of some of the symbols used.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* This applies to the gradient for the age 4 parameter for selectivity in the first 1982-1988 block. All other estimated parameters have gradient <10-3. 

+ Estimate on bound of h=0.98 imposed on Beverton-Holt stock-recruitment curve fits.  
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Table 2: An extension of Table 1 which provides BRP values for external estimation of the stock-recruitment functions.  

 

 

 

 

 

 

 

 

 

 

 

* Estimate on upper bound of F=5.00 imposed on the search for FMSY, which may occur in the limit of h=1 for the Beverton-Holt form. (Note that unlike for the 

internal estimation where a bound of h=0.98 is imposed, the bound imposed here is h=1.) 
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Table 3: Estimates of abundance, MSY-related BRPs, and related quantities for the Gulf of Maine cod for different sensitivities about the Reference Case (start 

in 1963 with a Ricker stock-recruitment curve estimated internally) with M=0.2, which is shown in bold. Values in round parentheses are Hessian based CV's, 

while maximum gradient refers to the quantity reported with the ADMB estimation results. Negative log-likelihood overall values shown in square parentheses 

denote non-comparability with values of all likelihood components given in adjacent columns. Mass units are '000 tons. y1 refers to the start year for the 

assessment. Recruitment Ny1,0 is in millions. Refer to Appendix B for definitions of some of the symbols used.  
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Table 4: Estimates of abundance, MSY-related BRPs, and related quantities for the Gulf of Maine cod for different sensitivities about the Reference Case (start 

in 1963 with a Ricker stock-recruitment curve estimated internally) with M increasing from 0.2 until 1988 to 0.4 in 2003 and constant at 0.4 thereafter. This 

case is shown in bold. Values in round parentheses are Hessian based CV's, while maximum gradient refers to the quantity reported with the ADMB estimation 

results. Negative log-likelihood overall values shown in square parentheses denote non-comparability with values given for all likelihood components in 

adjacent columns. Mass units are '000 tons. y1 refers to the start year for the assessment. Recruitment Ny1,0 is in millions. Refer to Appendix B for definition of 

some of the symbols used.  
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Table 5: Estimates of abundance, MSY-related BRPs, and related quantities for the Gulf of Maine cod for the preferred cases for the two different M scenarios. 

Values in round parentheses are Hessian based CV's, while maximum gradient refers to the quantity reported with the ADMB estimation results. Mass units are 

'000 tons. y1 refers to the start year for the assessment. Recruitment Ny1,0 is in millions. Refer to Appendix B for definitions of some of the symbols used.  

 

 

 

 

 

 

 

      * This applies to the gradient for the third calibration parameter F2. All other estimated parameters have  

     gradient <10-5. 
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Fig. 1: Spawning biomass and recruitment trajectories for the Ricker internal case with M=0.2 

and different starting years. The time series of catches is also shown (including the 32% increase 

pre-1982 to take account of discards). 
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Fig. 2: Spawning biomass and recruitment trajectories for the Ricker internal case with M=0.2, 

start in 1934 (top row) and start in 1963 (bottom row) with ±2 se’s shown to reflect approximate 

95% CIs. 
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Fig. 3: Spawning biomass and recruitment trajectories for various sensitivities about the 

Reference Case (RC - Ricker internal start in 1963) for M = 0.2. 
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Fig. 4: Pre-1982 commercial selectivities for the RC for M = 0.2and the two sensitivities relating 

to the pre-1982 commercial selectivity, and then for the NEFSC survey selectivities for the RC 

(flat) and the domed selectivity sensitivity. 

 

 

 

 

 

 

 

 

Fig. 5: Spawning biomass and recruitment trajectories for the Reference Case with M = 0.2 and 

the corresponding case with M increasing. 
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Fig. 6: Stock-recruitment curve and "observed" recruitment for the Ricker and Beverton-Holt 

relationships estimated internally for the RC choice of a 1963 start year. The dashed lines show 

the corresponding estimated curves for external estimation. 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7: Stock-recruit relationship for the Reference Case with M = 0.2 and the cases with 

different start year. To improve discrimination, the very imprecisely estimated 1970 curve which 

goes to much higher levels than these others is omitted. 
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Fig. 8. Spawning biomass and recruitment trajectories (with ±2 se’s to reflect approximate 95% 

CIs) for the "preferred" run, M=0.2. 

 

 

 

 

 

 

 

 

 

 

Fig. 9. Survey and commercial selectivities estimated for the "preferred" run, M=0.2. 
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Fig. 10: Fits to the abundance indices (top row) and to the survey and commercial catch-at-age data for the "preferred" run, M=0.2. The second 

row plots compare the observed and predicted CAA as averaged over all years for which data are available, while the third row plots show the 

standardised residuals, with the size (area) of the bubbles being proportional to the magnitude of the corresponding standardised residuals. For 

positive residuals, the bubbles are grey, whereas for negative residuals, the bubbles are white. 
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Fig. 11: Fits to the survey catch-at-length data for the "preferred" run, M=0.2. The first row plots 

compare the observed and predicted CAL as averaged over all years for which data are available, 

while the third row plots show the standardised residuals, with the size (area) of the bubbles 

being proportional to the magnitude of the corresponding standardised residuals. For positive 

residuals, the bubbles are grey, whereas for negative residuals, the bubbles are white. 

 

 

 

 

 

 

 

Fig. 12: Comparison of Bigelow-Albatross calibration function estimated within the assessment 

("preferred" run, M=0.2) and calibration function given. 
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Fig. 13: Retrospective analysis for the "preferred" run, M=0.2. 
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Fig. 14. Spawning biomass and recruitment trajectories (with ±2 se’s to reflect approximate 95% 

CIs) for the "preferred" run, M increasing. 

 

 

 

 

 

 

 

 

Fig. 15. Survey and commercial selectivities estimated for the "preferred" run, M increasing. 

Note that for the Massachusetts survey as the age 4 selectivity is estimated to be greater than 

that for age 3, the selectivities for ages 5 and 6 are set equal to those for age 4 rather than 

continuing the trend from age 3 to age 4. 
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Fig. 16: Fits to the abundance indices (top row) and to the survey and commercial catch-at-age data for the "preferred" run, M increasing. The 

second row plots compare the observed and predicted CAA as averaged over all years for which data are available, while the third row plots 

show the standardised residuals, with the size (area) of the bubbles being proportional to the magnitude of the corresponding standardised 

residuals. For positive residuals, the bubbles are grey, whereas for negative residuals, the bubbles are white. 



23 

 

 

 

 

 

 

 

 

 

 

 

Fig. 17: Fits to the survey catch-at-length data for the "preferred" run, M increasing. The first 

row plots compare the observed and predicted CAL as averaged over all years for which data are 

available, while the third row plots show the standardised residuals, with the size (area) of the 

bubbles being proportional to the magnitude of the corresponding standardised residuals. For 

positive residuals, the bubbles are grey, whereas for negative residuals, the bubbles are white. 

 

 

 

 

 

 

 

 

Fig. 18: Comparison of Bigelow-Albatross calibration function estimated within the assessment 

("preferred" run, M increasing) and calibration function given. 

  



24 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 19: Retrospective analysis for "preferred" run, M increasing. 

 

 

 

 

 

 

 

 

Fig. 20: Stock-recruitment curves and "observed" recruitment (pre-1963 data are shown as open 

circles) for the "preferred" runs M=0.2 (left-hand plot) and M increasing (right-hand plot). 
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APPENDIX A – Data 

Note that the tables following, and the analyses reported in the main text, now exclude any 2012 data. 

 

Table A1: Total catch (incl. USA, DWF and recreational landings, and discards) (thousand metric tons) of 

Atlantic cod from the Gulf of Maine (NAFO Division 5Y), 1964-2012 (Michael Palmer, pers. commn). The 

revised discard mortality assumptions have been applied. Note that pre-1982 catches have been 

increased by 32% in the Base Case to allow for levels of discards suggested by recent analyses by the 

NEFSC.  
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Table A2: Mean weight-at-age (kg) at the beginning of the year for the Gulf of Maine cod stock. Values 

derived from aggregated commercial landings and discard mean weight-at-age data (mid-year) using 

procedures described by Rivard (1980) (Michael Palmer, pers. commn) and applying the revised mortality 

assumptions. Pre-1982, the 1982-1991 average mean weight-at-age is assumed. 
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Table A3: Mean weight-at-age (kg) of landings for the Gulf of Maine cod stock applying the revised 

mortality assumptions (Michael Palmer, pers. commn). Pre-1982, the 1982-1991 average mean weight-at-

age is assumed. 
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Table A4: Total (commercial and recreational landings and discards) catches-at-age for the Gulf of Maine 

cod stock, applying the revised mortality assumptions (Michael Palmer, pers. commn). 
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Table A5: Standardized stratified mean numbers per tow at age and standardized mean numbers and mean 

weight (kg) per tow for ages 1+ of Atlantic cod in NEFSC offshore spring research vessel bottom trawl surveys 

in the Gulf of Maine, 1968-2011 (Michael Palmer, pers. commn). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Aggregate index for ages 0+ as numbers-at-age and biomasses-at-age are not available pre-1970. 
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Table A6: Standardized stratified mean numbers per tow at age and standardized mean numbers and mean 

weight (kg) per tow for ages 1+ of Atlantic cod in NEFSC offshore autumn research vessel bottom trawl surveys 

in the Gulf of Maine, 1963-2011 (Michael Palmer, pers. commn). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

* Aggregate index for ages 0+ as numbers-at-age and biomasses-at-age are not available pre-1970. 
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Table A7: Stratified mean numbers at age per tow and mean number and mean weight (kg) for ages 1 to 6 of 

Atlantic cod in State of Massachusetts inshore spring bottom trawl surveys in territorial waters adjacent to the 

Gulf of Maine (Mass. Regions 4-5), 1982-2011 (Michael Palmer, pers. commn). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

Table A8: Percentage of mature females for each age for the Gulf of Maine cod stock (Michael Palmer, pers. 

commn). 
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Table A9: Length frequency distributions for NEFSC offshore spring and autumn research vessel bottom trawl 

surveys in the Gulf of Maine conducted by the Bigelow (Michael Palmer, pers. commn).   
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Table A10a: Age-length keys for NEFSC offshore spring research vessel bottom trawl surveys in the Gulf of 

Maine conducted by the Bigelow (Michael Palmer, pers. commn).  
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Table A10b: Age-length keys for NEFSC offshore spring research vessel bottom trawl surveys in the Gulf of 

Maine conducted by the Bigelow (Michael Palmer, pers. commn).  
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Table A11: Age-length keys for NEFSC offshore autumn research vessel bottom trawl surveys in the Gulf of 

Maine conducted by the Bigelow (Michael Palmer, pers. commn).  
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Table A12a: Mean weight-at-age (kg) from NEFSC offshore spring surveys. Pre-1970, the 1970-1979 average 

mean weight-at-age is assumed (Michael Palmer, pers. commn). Note that for some years certain values at 

older ages have been determined by interpolation techniques as there were no data available. 
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Table A12b: Mean weight-at-age (kg) from NEFSC offshore autumn surveys. Pre-1970, the 1970-1979 average 

mean weight-at-age is assumed (Michael Palmer, pers. commn). Note that for some years certain values at 

older ages have been determined by interpolation techniques as there were no data available. 
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Table A12c: Mean weight-at-age (kg) from State of Massachusetts inshore spring surveys(Michael Palmer, 

pers. commn). Note that for some years certain values at older ages have been determined by interpolation 

techniques as there were no data available. 
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Appendix B - The Statistical Catch-at-Age Model 

 

The text following sets out the equations and other general specifications of the SCAA followed by 

details of the contributions to the (penalised) log-likelihood function from the different sources of 

data available and assumptions concerning the stock-recruitment relationship. Quasi-Newton 

minimization is then applied to minimize the total negative log-likelihood function to estimate 

parameter values (the package AD Model BuilderTM, Otter Research, Ltd is used for this purpose). 

For the convenience of readers, details which are changed or newly added relative to the 

specifications used for the analyses reported in Butterworth and Rademeyer (2012) are shown 

highlighted. Note that summations over ages now all exclude age a=0. 

 

B.1. Population dynamics 

B.1.1 Numbers-at-age 

The resource dynamics are modelled by the following set of population dynamics equations: 
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where 

ayN ,   is the number of fish of age a at the start of year y, 

yR   is the recruitment (number of 0-year-old fish) at the start of year y, 

m is the maximum age considered (taken to be a plus-group). 

aayyay MSFZ += ,,  is the total mortality in year y on fish of age a, where 

aM   denotes the natural mortality rate for fish of age a, 

yF
 

is the fishing mortality of a fully selected age class in year y, and 

ayS ,  
is the commercial selectivity at age a for year y. 

 

B.1.2. Recruitment 

The number of recruits (i.e. new 0-year old) at the start of year y is assumed to be related to the 

spawning stock size (i.e. the biomass of mature fish) by either a modified Ricker or a standard or 

adjusted Beverton-Holt stock-recruitment relationship, allowing for annual fluctuation about the 

deterministic relationship.  

For the modified Ricker: 
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for the (standard) Beverton-Holt: 
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and for the adjusted Beverton-Holt: 
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where 

α, β,  γ, B*and σN are spawning biomass-recruitment relationship parameters,  

yς   reflects fluctuation about the expected recruitment for year y, which is assumed to be 

normally distributed with standard deviation σR (which is input in the applications 

considered here); these residuals are treated as estimable parameters in the model fitting 

process.  

sp
yB   is the spawning biomass at the start of year y, computed as: 
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because spawning for the cod stock under consideration is taken to occur three months after the 

start of the year and some mortality has therefore occurred, 

where  

strt
,ayw   is the mass of fish of age a during spawning, and  

af   is the proportion of fish of age a that are mature. 

Section B.2.6 details the procedure adopted when recruitment is not assumed to be related to 

spawning biomass , at least internal to the assessment. 

 

B.1.3. Total catch and catches-at-age 

The total catch by mass in year y is given by: 
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where 

mid
,ayw   denotes the mass of fish of age a landed in year y, 

ayC ,   is the catch-at-age, i.e. the number of fish of age a, caught in year y, 

 

The model estimate of survey index is computed as: 
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for biomass indices and 

∑
=

−=
m

a

TZ
ayay

surv
ayeNSN

1

12/
,

survsurv ,
 (B10) 

for numbers indices 

 

where  

surv
aS  is the survey selectivity for age a, which is taken to be year-independent. 

survT  is the season in which the survey is taking place (
survT =1 for spring surveys and 

survT =3 for fall 

surveys), and 

surv
ayw ,  denotes the mass of fish of age a from survey surv year y (Table A12). 

For the Massachusetts spring survey, the summation is taken from age 1 to age 6. 

 

B.1.4. Initial conditions 

For the first year (y0) considered in the model, the numbers-at-age are estimated directly for ages 0 

to aest, with a parameter φ mimicking recent average fishing mortality for ages above aest, i.e. 

aay NN ,start,0
=                                             for  

estaa ≤≤0  (B11) 

and 
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B.2. The (penalised) likelihood function 

The model can be fit to (a subset of) CPUE and survey abundance indices, and commercial and 

survey catch-at-age and catch-at-length data to estimate model parameters (which may include 

residuals about the stock-recruitment function, facilitated through the incorporation of a penalty 

function described below). Contributions by each of these to the negative of the (penalised) log-

likelihood (- Lnl ) are as follows. Details related to fitting to CPUE series are not included below, as 

such series are not considered in the analyses of this paper. 

 

B2.1. Survey abundance data 

The likelihood is calculated assuming that a survey biomass index is lognormally distributed about its 

expected value:  
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where 

surv
yI   is the survey biomass index for survey surv in year y, 

surv
y

survsurv
y BqI ˆˆˆ =  is the corresponding model estimate, where 



 

42 

 

survq̂  is the constant of proportionality (catchability) for the survey biomass series surv, and 

surv
yε  from ( )( )2

,0 surv
yN σ . 

 

The contribution of the survey biomass data to the negative of the log-likelihood function (after 

removal of constants) is then given by: 

( ) ( ) ( ) ( ) ( )( )[ ]∑∑






 ++






 +=−

surv y

surv
Add

surv
y

surv
y

surv
Add

surv
yL

22222survey 2/nn σσεσσll  (B15) 

where  

surv
yσ   is the standard deviation of the residuals for the logarithm of index i in year y (which is 

input), and 

surv
Addσ  is the square root of the additional variance for survey biomass series surv, which is 

estimated in the model fitting procedure, with an upper bound of 0.5. 

 

The catchability coefficient 
survq for survey biomass index surv is estimated by its maximum 

likelihood value: 
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B.2.3. Commercial catches-at-age 

The contribution of the catch-at-age data to the negative of the log-likelihood function under the 

assumption of an “adjusted” lognormal error distribution is given by: 
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where  

',',, / ayaayay CCp ∑=  is the observed proportion of fish caught in year y that are of age a, 

',',,
ˆ/ˆˆ ayaayay CCp ∑=  is the model-predicted proportion of fish caught in year y that are of age a,  

where 
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and 

com
aσ   is the standard deviation associated with the catch-at-age data, which is estimated in the 

fitting procedure by: 
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Commercial catches-at-age are incorporated in the likelihood function using equation (B17), for 

which the summation over age a is taken from age aminus (considered as a minus group) to aplus (a 

plus group).  

In application of this approach ages are often aggregated to avoid values of ayp ,  or ayp ,ˆ that are too 

small in the interests of estimation robustness. In this paper individual ages have been maintained 

between the selected minus and plus-groups to provide potential discrimination of different shapes 

for the selectivity functions at older ages in particular. This however does mean that there are 

certain cells for which ayp , values are zero.  That does not cause any problems because the limit of 

( )2,, ln ayay pp  as 0, →ayp  is 0, so these terms can be omitted from the summation in equation 

B17. One could argue that they should nevertheless be included in the summations in equation B18, 

but exclusion seems more appropriate as the structural zero contributions then included would 

seem likely to bias the estimates of 
com
aσ̂  downwards. 

In addition to this “adjusted” lognormal error distribution, some computations use an alternative 

“sqrt(p)” formulation, for which equation B20 is modified to: 
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and equation B21 is adjusted similarly: 
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This formulation mimics a multinomial form for the error distribution by forcing a near-equivalent 

variance-mean relationship for the error distributions. 

 

B.2.4. Survey catches-at-age 

The survey catches-at-age are incorporated into the negative of the log-likelihood in an analogous 

manner to the commercial catches-at-age, assuming an “adjusted” lognormal error distribution 

(equation (B19)) where: 
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ay CCp ',',, /∑=   is the observed proportion of fish of age a in year y for survey surv, 

surv
ayp ,ˆ  is the expected proportion of fish of age a in year y in the survey surv, given by: 
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For the Massachusetts spring survey, the summation is taken from age 1 to age 6. 

 

B.2.5. Survey catches-at-length 

In some runs, catches-at-length are also incorporated in the likelihood function. These data are 

incorporated in the similar manner as the catches-at-age. When the model is fit to catches-at-length, 

the predicted catches-at-age are converted to catches-at-length: 
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for the spring survey, and 
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∑=
a
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surv
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 (B25) 

for the fall survey, 

where 
strt

laA ,  and 
mid

laA , are the proportions of fish of age a that fall in the length group l (i.e., 

1, =∑
l

strt
laA  and 1, =∑

l

mid
laA

 

for all ages) at the beginning of the year and at the middle of the year 

respectively. 

The matrices 
strt

laA ,  and 
mid

laA , are calculated under the assumption that length-at-age is normally 

distributed about a mean given by the von Bertalanffy equation, i.e.: 
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for the spring survey and 

( )( ) ( )[ ]25.0 ;1~ mid
a

tamid
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for the fall survey, 

where 

strt
aθ  and 

mid
aθ

 
are the standard deviation of begin and mid-year length-at-age a respectively, which 

are modelled to be proportional to the expected length-at-age a, i.e.: 

( )( )[ ]γκβθ otastrt
a eL −−
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and 

( )( )[ ]γκβθ otamid
a eL −+−

∞ −= 5.01  (B29) 

with β an estimable parameter and 5.0=γ (a value which was found to lead to reasonable fits to 

the data). 

cmL  93.150=∞ , 

1 11.0 −= yrκ , 

yrto  13.0= , 

 

The following term is then added to the negative log-likelihood: 
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The lenw  weighting factor may be set to a value less than 1 to downweight the contribution of the 

catch-at-length data (which tend to be positively correlated between adjacent length groups 

because the length distributions for adjacent ages overlap) to the overall negative log-likelihood 

compared to that of the CPUE data. The value used for lenw  is 0.1, being roughly equivalent to the 

ratio of the number to length groups to the number of age groups considered. Instances of observed 

proportions of zero are dealt with in the same manner as for catches-at-age, as is the alternative 

“sqrt(p)” error distribution formulation. 
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B.2.6. Stock-recruitment function residuals 

The stock-recruitment residuals are assumed to be lognormally distributed and serially correlated. 

Thus, the contribution of the recruitment residuals to the negative of the (now penalised) log-

likelihood function is given by: 
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where 

yε   from ( )( )2,0 RN σ , 

Rσ  is the standard deviation of the log-residuals, which is input. 

 

Equation B31 is used when the stock-recruitment curve is estimated internally. In some analyses 

reported in this paper where BRP estimates are based on stock-recruitment curves estimated 

“externally” using the assessment outputs,, this “stock-recruitment” term is included for the last two 

years only, simply to stabilise these estimates which are not well determined by the other data. In 

these cases, the yε
 
are calculated as the deviations from the mean log recruitment for the ten 

preceding years, i.e. recruitment estimates for 2010 and 2011 are shrunk towards the geometric 

mean recruitment over the preceding decade.  

 

B.2.7. Catches 
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 where  

 

yC
 

is the observed catch in year y, 

yĈ
 

is the predicted catch in year y (eqn B8), and 

Cσ is the CV input: 0.4 for pre-1964 catches, 0.2 for catches between 1964 and 1981 and 0.05 for 

catches from 1982 onwards. 

 

 

B.2.8Incorporation of Bigelow vs Albatross survey calibration 

The survey data provided are adjusted for the years 2009 to 2012 which were obtained from 

Bigelow surveys have been adjusted to “Albatross equivalents” through use of calibration factors 

estimated independently from paired tow experiments (Miller et al., 2010). However the survey data 

before and after the switch of vessels also provide information on the calibration factors because 

they sample the same cohorts. Incorporation of this information in assessments in this paper has 

been effected by treating the estimates, with their variance-covariance matrix, as a form of “joint-

prior” which is effectively updated in the penalised likelihood estimation when fitting the model. The 

process is as follows. 
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First Bigelow length frequency distributions are converted to Albatross equivalent length frequency 

distributions: 

l
Bsurv

ly
Asurv

ly FCC ,
,

,
, =          (B33) 

where 

Bsurv
lyC ,

,  is the measured catch-at-length for the Bigelow in year y for survey surv, 

Asurv
lyC ,

,  is the inferred catch-at-length for the Albatross equivalent in year y for survey surv, 

lF  is the length-based calibration factor (Bigelow/Albatross), 

 

The Albatross equivalent length distributions are then converted to age distributions: 
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where 

surv
layALK ,,  is the age-length key (proportion of fish of length l that have age a) in year y for survey 

surv. 

 

Indices are then obtained from the Albatross equivalent age distributions as follows: 
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for biomass indices and 
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for numbers indices, 

where 

surv
ayw ,  is the weight-at-age in year y for survey surv. 

 

The calibration factor has four parameters, three of which are estimable and the other input: 

X1=20cm, X2, F1 and F2 
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The following contribution is therefore added to the negative log-likelihood in the assessment: 
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      (B38) 

where the parameters X2, F1 and F2 are components of the vector x, 
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Σ  is the variance covariance matrix as estimated by Miller et al. (2010), and 

µ  is a vector which contains the Miller et al. (2010) estimates of the parameters. 

These estimates and the variance-covariance matrix are given in table B1 below: 

 

Table B1: Estimates and variance-covariance matrix for the calibration parameters (Miller, pers. 

commn). 

 

 

 

 

 

 

 

 

B.3. Estimation of precision 

Where quoted, CV’s or 95% probability interval estimates are based on the Hessian. 

 

B.4. Model parameters 

B.4.1. Fishing selectivity-at-age: 

For the NEFSC offshore surveys, the fishing selectivities are estimated separately for ages 1 to age 6 

and are flat thereafter. For the Massachusetts inshore spring survey, the selectivities are estimated 

separately for ages 1 to 4. The estimated proportional decrease from ages 3 to 4 is assumed to 

continue multiplicatively to age 6; this decrease parameter is bounded by 0, i.e. no increase is 

permitted. For all three surveys, age 0 is not considered. 

The commercial fishing selectivity, aS , is estimated separately for ages aminus to aplus (1 to 9) It is 

taken to differ over four periods: a) pre-1982, b) 1982-1988, c)1989-2004, and d) 2005-present. The 

selectivities are estimated directly for the last three periods. For the pre-1982 period, the selectivity 

is taken as that for the 1989-1988 block, but shifted one year to the left. For the implementations in 

this paper, given that there were difficulties with imprecise estimates at larger ages for period d) 

given its shortness, a common selectivity at age was estimated across all periods for ages 7 and 

above. 
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B.4.2. Other parameters 

Model plus group       

m 9 

 

  

Commercial CAA   

 

  

aminus* 1 

 

  

aplus 9 

 

  

Survey CAA NEFSC spr NEFSC fall MASS spr 

aminus* 1 1 1 

aplus 9 9 4 

Natural mortality:   

 

  

M Age independent: 

 

  

  i) 0.2 for all years 

 

  

  

ii) 0.2 until 1988, threafter a linear increase to 0.4 in 2003 and 

constant at 0.4 thereafter 

Proportion mature-at-age:           fa input, see Table A8   

Weight-at-age:   

 

  

wy,a
strt input, see Table A2   

wy,a
mid input, see Table A3   

wy,a
surv input, see Table A12   

Stock recruit residuals std dev:   σR 0.6 

 

  

Initial conditions :   

 

  

Ny0,a estimated directly for ages 0 to xx depending on AIC criterion 

φ estimated 

* Strictly not a minus group anymore since the catches at age zero are ignored. 

 

B.5.Biological Reference Points (BRPs) 

It is possible to estimate BRPs internally within the assessment by fitting the stock-recruitment 

relationship directly within the assessment itself. 

 

For some results reported here, however, the stock-recruitment relationships are fitted to the 

estimates of recruitment and spawning biomass provided by the various assessments to provide a 

basis to estimate BRPs. The rationale for estimation external to the assessment itself is to avoid 

assumptions about the form of the relationship influencing the assessment results. These fits are 

achieved by minimising the following negative log-likelihood, where the 2

2
R

e
σ

−
 term is added for 

consistency with equation B4, i.e. the stock-recruitment curves estimated are mean-unbiased rather 

than median unbiased: 

 

( ) ( )( )∑
=

−























+




























−

=−
2009

1
22

2

2
0,0,

2

ˆln)ln(

ln

2

yy yR

yy

CV

eNN

L

R

σ

σ

     (B39) 



 

49 

 

where  

0,yN   is the "observed" (assessment estimated) recruitment in year y, 

0,
ˆ

yN  is the stock-recruitment model predicted recruitment in year y, 

Rσ  is the standard deviation of the log-residuals which is input (and set here to 0.6), and 

yCV  is the Hessian-based CV for the "observed" recruitment in year y.  

Note that the differential precision of the assessment estimates of recruitment is taken into account, 

and that the summation ends at 2009 because little by way of direct observation is as yet available 

to inform estimates of recruitment for 2010 and 2011. 

 


